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─────────────────────────────────────────────────────── 

Abstract: The effect of specimen thickness and crack length on the variations of mode I and mode II stress intensity factors (SIFs) have 

been analyzed by using three dimensional finite element analysis (3D FEA). Center cracked circular disc specimen (CCCD) was used in 

this investigation. Eight values of specimen thickness to specimen radius ratio were studied numerically, varied from 0.1 to 0.8. The 

present experimental research has been conducted to study the effect of replacing 10% of fine aggregate by volume with crumb rubber on 

crack initiation angle, crack path and fracture toughness for different mode of mixity. 

It can be concluded that, the site of crack initiation in notched CCCD specimen was found numerically and experimentally as at the 

point of the longest vertical coordinate on the notch surface for different inclination notch angle. The value of normalized mode I SIF 

increased at the mid plane of specimen by increasing the thickness of the specimen. However, at the specimen surface this value 

decreased by increasing the specimen thickness. For all mode of mixity, the plane stress fracture toughness (GC) has not been affected by 

replacing 10% of sand by the rubber particles. 
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Introduction 

12
 

 

Crumb rubber is a material produced by shredding and commutating 

used tires. The huge stockpile of used tires in the world has been 

posing an environmental and health hazard to the public. Finding a 

way  to dispose  of  the  rubber  in concrete  would enhance  the  

understanding  on how  to incorporate  the  crumb rubber  in greater  

engineering  usage. Other construction products are based on rubber 

powder obtained from the cryogenic milling of tires, mixed with 

asphalt or bituminous materials. Recycled tire rubber-filled concrete 

(RRFC) has become a matter of interest in the last few decades, due 

to its good performance and as an alternative for tire recycling. This 

type of concrete provides a good mechanical behavior under static 

and dynamic actions and is being used for road pavement 

applications [1-3]. Hernández-Olivares [3,4] studied the static and 

dynamic mechanical behavior of RRFC from crumb used tires. They 

found that, the optimum crumb rubber fiber content for the 

compatibility and stability of cement–rubber interface was 5%. 

The concrete with this optimum value had a better damping capacity 

without a significant variation of the concrete mechanical features, 

either maximum stresses or elastic modulus. Furthermore, they [3] 

suggested a powerful design tool for rigid pavements design of road 

construction based Westergaard equations for flat plates on elastic 

foundations. Their results of RRFC showed the feasibility of using 

this cement based composite material as a rigid pavement for roads 

on elastic subgrade. 
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In practice the pre-existing cracks in the structures are often 

subjected to complex loading. For such cases, due to arbitrary 

orientation of flaws relative to the overall applied loads, cracks are 

subjected to a combination of two major modes of loading: mode I 

and mode II (mixed mode I/II). The prediction of cracking direction 

and subsequent crack path is well-recognized problem. Recently, 

considerable research efforts have been to investigate crack growth 

behavior under mixed mode I/II loading. A variety of mechanics-

based theories have been proposed and used by investigators to 

predict the direction of crack growth under mixed mode I/II loading 

[5, 6]. Aliha et al. [6] studied the mixed mode I/II crack growth 

behavior of Guiting limestone by using a semi-circular bend 

specimen. They observed that, trajectories crack is not only 

depending on the mode mixity but also on the specimen shape. 

Disc-type specimens are simple in geometry and have many 

advantages in terms of specimen preparation, testing and analysis. A 

Center Cracked Circular disc (CCCD) specimen under diametrical 

compression and semicircular Specimens under three point bending 

were used for Mode-II and mixed Mode I-II fracture toughness 

calculation [7]. 

 

Research Significance 

 

The objective of this paper is to study experimentally and 

numerically the mixed mode fracture behavior in recycled tire 

rubber-filled concrete. The effect of inclination angle of edge U-

notch on the crack initiation and growth behavior was analyzed. The 

variation of mode I and mode II stress intensity factor through the 

crack thickness are described.  

 

Numerical Work 

 

CCCD of radius (R) containing a pre-crack of length (2a) under 

uniaxial compressive loading, as shown in Fig. 1, was numerically 

simulated using 3D finite element analysis for this study. The ratio 
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Fig. 1. Center Cracked Circular Disc Specimen. 

 

Table 1. Sieve Analyses of Rubber Particles. 

Sieve Opening, 

mm 
5 2.36 1.18 0.60 0.30 0.15 

Passing % 100 25.6 2.3 1.86 0.7 0.0 

 

Table 2. Physical Properties of crumb Rubber Particles. 

Fineness Modulus Specific Gravity Unit Weight (t/m3) 

4.6 1.18 0.472 

 

Table 3. Mix Proportions. 

Cement 

(kg/m³) 

Water 

(kg/m³) 

Sand 

(kg/m³) 

Coarse Aggregate 

(kg/m³) 

w/c 

Ratio 

388 186 786 1024 0.48 

 

Table 4. Experimental Values of Compressive, Tensile, and Shear 

Strength. 

Type of Concrete PC RuC 

Compressive Strength, fcu, MPa 26.6 25 

Tensile Strength, MPa 2.34 2.4 

Shear Strength, MPa 4.1 4.5 

fcu / fcu,PC 1 0.94 

Tensile/Compression 0.088 0.096 

Shear/ Compression 0.154 0.18 

 

of a/R was kept constant equal to 0.3. To studying the effect of the 

specimen thickness, eight values of specimen thickness, 2t, to 

specimen radius ratio, 2t/R, were considered. The pre-crack makes 

an angle, β, relative to the loading (vertical) direction. Mode mixity 

parameter of the elastic far field, Me, was introduced by Shih [8]:  
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where: KI and KII are mode I and mode II stress intensity factor, 

respectively. 

The values of Me varied through 1 (pure mode I), 0.75, 0.5, 0.25 

and 0 for pure mode II. This mixity parameter was valid for CCCD 

specimen by change the pre-crack inclination angle, , as 0, 5, 10.5, 

18 and 27o. In the present analysis, the mode I and mode II 

normalized stress intensity factors are denoted as YI and YII, 

respectively, and it can be deduced from Ref. [7] the general 

formula for normalized stress intensity factor Yi, which is defined 

as:  

aP

KRt2
Y i

i


    i = I, II                            (2) 

where: 2t and R are the specimen thickness and radius, respectively, 

P is the applied load, and a is the crack length. 

Several researches assumed the behavior of heterogeneous brittle 

materials as homogeneous, isotropic and elastic [9-11]. Hammouda 

et al. [9, 10] found that, the kink angle did not depend on the 

linearity of the material, i.e. the material behaves as elastic or 

elastic-plastic. Therefore, it was assumed that the CCCD specimen 

materials  behave as homogeneous, isotropic and elastic material. 

The plane x-y (plane z = 0) is the mid plane of specimen and two 

specimen surface are z = t and z = -t, respectively. ABAQUS (code 

version 6.9) was used [12] with X-FEM. A 3D finite element model 

has been developed to account for geometric and material behavior 

of CCCD material specimen. The finite element meshes constructed 

with hexagonal structural mesh, C3D8R (8-node linear brick) 

elements, are used under Standard/static analysis. The thickness of 

the specimen is divided into 10 planar layers. Within each layer, the 

size of element decreases gradually with distance from the pre-crack 

tip decreasing. This means that the finite element (FE) meshes in the 

neighborhood of the pre-crack tip are much denser. The ABAQUS 

code was used for numerical calculation of KI and KII for the CCCD 

specimen. 

 

Experimental Work 

 

Type I Portland cement was used. The sand used was local natural 

siliceous sand with a specific gravity of 2.55 and a fineness modulus 

of 2.52, the coarse aggregate was dolomite with a nominal 

maximum size of 14 mm and a specific gravity of 2.65. Rubber 

particles passed through sieve number 4.75 mm and the retained on 

sieve number 0.15 mm were used as a fine aggregate. Sieve analysis 

of the rubber particles shown in Table 1.The physical properties of 

waste rubber are given in Table 2. The normal concrete mix 

proportions are shown in Table 3. 10% of sand volume was replaced 

by rubber particles. 

The mechanical properties were tested on cubes of 150 x 150 x 

150 mm for compression test, cylinders of 150 mm diameter and 

300 mm height for indirect tension test, and L-shape 0f 150 x 150 x 

260 mm for shear test.  

Table 4 shows the experimental results of the compressive, tensile 

and shear strength of plain concrete (PC) and rubberized concrete 

(RuC). The decreasing of compressive strength values due to 

replacing 10% of sand by the rubber particles could be considered 

negligible. The tensile and shear strength values of RuC are greater 

than those of PC. The table shows also that the ratios between the 

tensile and compressive strength are 8.8% and 9.6% and the ratios 

between shear and compressive strength are 15.4% and 18% for PC 

and RuC respectively. 

Mixed mode fracture toughness was tested on CCCD of 150 mm 

diameter and 60 mm thickness as show in Fig 1, with notch 

R 

P 

2

a 

β 

P 
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Fig. 2. Site of Crack Initiation. 

 

inclination angle β equals (0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 

55o). Pure mode I fracture toughness exists at β = 0o, while, pure 

mode II fracture toughness exists at approximately β = 25o. The 

ratios of notch depth, 2a, to disc diameter, 2R, i.e. 2a/2R, are 0.3, 

0.4, and 0.5. Five specimens were used for each case of Plain 

concrete (PC) and Rubberized Concrete (RuC). Stress intensity 

factor is calculated using the following relationship [13]: 
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(4) 

where:  

A0 = 0.5 - cos 2β   B0 = sin 2β 

A2=2[-cos 4β+ cos 2β]  B2=2[sin4β -sin2β] 

A4=3[-cos 6β+ cos 4β]  B4=3 [sin6β -2sin4β] 

A6=4[-cos 8β+ cos 6β]  B6=4[sin8β -3sin6β] 

A8=5[-cos 10β+ cos 8β]  B8=5[sin10β -4sin8β] 

where R and 2t are the radius and thickness of the specimen 

respectively, λ= a/R, and β: the notch inclination angle [13]. 

Hussain et al. [14] based the G-criterion on the assumption that 

the crack under combined loading moved along its own initial plane, 

and assumed that the combined energy release rate, G, was given by 

Eq. (5). 

)KK(
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G 2

II
2
I                                  (5) 

 
Fig. 3. Crack Initiation Angle (β). 

 

As known, the mode I fracture toughness can be expressed by 

GIC, KIC = √ (GICE/). Where E/ = E for the plane stress state and E/ = 

E/ (1 -2) in plane strain state, E is the modulus of elasticity of the 

material and  is Poisson's ratio. According to ACI code, E = 

4700√(fc/) MPa, where fc/ = cylinder compressive strength, E ≈ 21 

GPa. 

 

Results and Discussion 

 

Crack Initiation Angle and the Crack Growth Trajectory 

 

Crack initiation includes two components: site of crack initiation 

(location) and crack initiation angle (direction). The site of crack 

intonation was found at the point of the longest vertical coordinate 

on the notch rim for different inclination notch angle, see Fig. 2. 

This is in agreement with numerical results recent obtained by 

Sallam and Abd-Elhady [5]. On the other hand Aliha et al. [6] stated 

that "Fracture initiated in all samples from the crack tip", but, this is 

only true for pure mode I. Furthermore, Fig. 2 in their paper [6] 

support our observation and against their statement.  

To predict the crack growth path under mixed mode conditions it 

is necessary to determine the fracture initiation angle at the crack 
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 (a) 2a = 45 mm 

 (b) 2a = 60 mm 

 (c) 2a = 75 mm 

 
Fig. 4. Failure Modes of PC for (a) 2a = 45 mm, (b) 2a = 60 mm, and (c) 2a = 75 mm. 

 

(a) 2a = 45 mm 

 
(b) 2a = 60 mm 

 
(c) 2a = 75 mm 

 
Fig. 5. Failure modes of RuC for (a) 2a = 45 mm, (b) 2a = 60 mm, and (c) 2a = 75 mm. 

 

tip. A number of mixed mode fracture theories have been proposed 

for determining the direction of brittle fracture. The experimental 

and the numerical crack initiation angle (θ) versus crack orientation 

angle (β) is plotted in Fig. 3 for PC and RuC. There is an Agreement 

between the present experimental results and the predicted values by 

finite element analysis. There is no clear effect of crack length or 

10% rubber replacement on the value of crack initiation angle for 

different mode of mixity. 

The notch remained open during the diametrical compression 

loading, until the load increases beyond a certain value, at which the 

cracks initiated and propagated very rapidly along a curvilinear path 

towards the points on the boundary of the disk where the 

compression load were applied. Notch remained open during the 

growth of the crack until reach the boundary of the specimen. When 
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Fig. 6. The Distribution of the Normalized Mode I Stress Intensity Factor Along Crack Front of CCCD Specimen for Different t and Different 

Mode Mixity (a) Me = 1, (b) Me = 0.75, (c) Me = 0.5 and (d) Me = 0.25. 

 
the propagating crack reached either the upper or the lower 

boundary of a sample, the sample failed and broke into two pieces, 

as shown in Fig. 4 and 5. This is in agreement with Aliha et al. [6]. 

The observed fracture patterns for CCCD specimens reveal that the 

fracture initiation angles and fracture paths were not the same for 

mixed mode I/II loading. It can be seen in these figures that except 

for pure mode I conditions (β=0º) which has a fracture path along 

the initial crack line, the fracture paths were not the same for any 

other states of mixed mode I/II loading. As is already known, the 

crack usually growth in the direction perpendicular to the maximum 

tensile stress, i.e. mode I crack growth. At a certain value of β, i.e. at 

a certain value of KII/KI, beyond it the crack may be branched as 

shown in Figs. 4 and 5. Crack branching may be attributed to sliding 

crack extension in the direction of maximum shear stress taking 

place prior to the final mode I crack growth. This is in agreement 

with several researches found in the literature in different materials 

and case of loadings [15-17]. 

 

Variation of YI and YII through the Specimen Thickness 

 

Fig. 6 shows the effect of specimen thickness of CCCD specimen on 

YI for different Me. The value of YI increase gradually from the mid 

plane of the specimen to reach their peak value YImax, then decreased 

gradually to reach the surface of the specimen. This trend is 

observed for all B/R accept B/R = 0.2, where, YI did not reach the 

maximum value, i.e. the highest value was found at the specimen 

surface. The value of YI increased at the mid plane of specimen, z/t 

= 0, yy increasing the thickness of the specimen. However, at the 

specimen surface, z/t = 1, the value of YI decreased by increasing the 

specimen thickness. These trends for all specimen thickness are not 

dependent on Me. For thickness ratio, B/R, larger than 0.2, the site of 

peak value of the YI is closed to the mid plane but the minimum 

value of YImin located at free surface of the specimen. 

Fig. 7 shows the effect of CCCD specimen thickness on the 

normalized mode II stress intensity factor for different mode mixity 

and at different position on the crack front z/t, i.e. z/t = 1, 0.5, 0. For 

all mode of mixity, there is no significant effect of the specimen 

thickness on the value of normalized mode II SIF, YII. versus the 

CCCD specimen thickness ratio, B/R. 
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Fig. 7. The Effect of CCCD Specimen Thickness on the Normalized Mode II Stress Intensity Factor for Different Mode Mixity and at 

Different Position on the Crack Front z/t, (a) z/t = 1, (b) z/t = 0.5, (c) z/t = 0. 

 

 
Fig. 8. The Relation between the Fracture Toughness and the Crack 

Initiation Angle.  

 

Fig. 8 shows the relation between the plane stress fracture toughness 

(GC) and the crack initiation angle (β). Its clear that, the fracture 

toughness increased by increasing β for both concrete types. For all 

mode of mixity, GC did not affect by replacing 10% of sand by the 

rubber particles. In many cases, the reduction in the strength of 

concrete is limited. However, the results of many other cases 

showed that the addition of coarse rubber aggregates decreased the 

strength of concrete markedly [18,19], i.e. negative impact on the 

property of the concrete. On the other hand, the addition of rubber 

aggregates to concrete improves its dynamic properties [18,20]. 

Therefore, these studies are worth to make them. 

The main advantage of this relation is assist the designer to get 

accurate solution for concrete pavement design based on fracture 

mechanics. In general, fracture instability occurs when the strain 

energy release rate, G, remains larger than the crack resistance, R. A 

basic concept of arresting crack growth involves the reduction of the 

effective stresses around the crack tip. Several methods, e.g. 

reduction of stress concentration, reinforcement of cracked parts, 

application of residual compressive stresses, etc., are considered to 

reduce the effective stresses around the crack tip [21, 22]. Concrete 

pavement design continues to evolve, especially in the types of 

inputs and slab stresses considered and the ability to accumulate 

fatigue damage in small-time increments [23]. Ramsamooj et al. 

[24] proposed a new method based on The combination of the 

theory of elasticity and fracture mechanics called EFM. They 

compared the results from EFM for the deflection and bending 

stress at the mid-slab position along the longitudinal edge of a rigid 

pavement with the experimental data from the AASHO road test. 

They found that, a good agreement between the results determined 

by EFM and the test data from the AASHO road test. Recently, 

Gaedicke et al [23] proposed and employed a fracture mechanics 

approach to simulate the progressive crack growth and peak load 

capacity of 3-D concrete slabs on ground and experimentally 

verified. 

 

Conclusions 

  

Based on the present numerical results, some conclusions were 

drawn as follows: 

1. The site of crack initiation in notched CCCD specimen was 

found numerically and experimentally as at the point of the 

longest vertical coordinate on the notch surface for different 

inclination notch angle. 

2. There is an Agreement between the present experimental 

results of crack initiation angle and that predicted by finite 

element analysis. 

3. At a certain value of β, i.e. at a certain value of KII/KI, beyond 

it the crack may be branched. 

4. The value of normalized mode I SIF increased at the mid plane 

of specimen by increasing the thickness of the specimen. 

However, at the specimen surface this value decreased by 

increasing the specimen thickness. 

5. For all mode of mixity, the fracture toughness did not affect by 

replacing 10% of sand by the rubber particles. 
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